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QUASI-METRIC CONNECTIONS AND A 
CONJECTURE OF CHERN ON AFFINE MANIFOLDS 

M. COCOS 


Our main result is: 

Theorem 0.1. The Euler characteristic of a closed even dimensional 
affine manifold is zero. 

Let ^ = {E, TT, M"') be an oriented vector bundle over an n dimen¬ 
sional manifold and V a connection in Here E denotes the 
total space of f and tt : E Mis the canonical projection onto M. 
Let 5 ^ be a positively dehned metric on E. The usual meaning of the 
compatibility of a connection V on E with the metric g is by requiring 
the metric g to be paralel with respect to the connection that is 

( 1 ) = 0 . 

In order to prove our result we have to weaken this compatibility con¬ 
dition as follows 

Definition 0.2. We say that V is quasi-compatible with the metric g 
if for every p G M there exist a local frame (ei)j=i^... orthonormal at 
p such that the matrix of connection forms with respect to 
is skew-symmetric at p. Such a local frame will be called a compatible 
frame at p. 

1. The Euler form of a general linear connection 

This section describes the construction of the Euler form of a general 
linear connection. For technical details we will also refer the reader to 
PP and [2] . In what follows the manifold M is a smooth, closed and even 
dimensional manifold of dimension n = 2m. Let us briefly remember 
the construction of the Euler form associated to a Levi Civita connec¬ 
tion. Let M be an n-dimensional oriented manifold, g a Riemannian 
metric, and D its associated Levi Civita connection. Let be 

a positive local orthonormal frame with respect to g and let 
be the connection forms with respect to the frame (ej)j=i,...,„. They are 
dehned by the equations 

( 2 ) dijC^. 
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The matrix {6ij) is skew-symmetric. The curvature forms are defined 
by Cartan’s second structural equation 

(3) ^ij = dOij — 6ik A 9kj 

and the matrix (hljj) is skew symmetric as well. The matrix (hljj) 
globally defines an endomorphism of the tangent bundle, and therefore 
the trace is independent of the choice of the local frame (cj). Moreover, 
since the matrix (hljj) is skew-symmetric, its determinant is a ’’perfect 
square”, hence the square root is also invariant under a change of the 
positive local frame. A heuristic dehnition of the Euler form of D is 

(4) S{D) = Vd^. 

From (jlj) we see that S is an n-form defined globally on M, hence it 
defines a cohomology class. 

To be able to dehne the Euler form of a general linear connection we 
need first some linear algebra. Let V he & n = 2m-dimensional vector 
space and let A be a skew-symmetric matrix with 2-forms as entries, 
that is 

A e A^(l/, so(2m, M)). 

The Pfaffian Pf is map 


Pf-- 

A^(l/, so(2m, M)) 1 -^ 

A2m(^) 

which, for a matrix 

0 ai2 


A = 

—ai2 0 

02,2m 


^2m,l ^2m,2 

0 

is defined as 



(5) 

^9n{a) 

(Xoi- 


aGlI 



Here tta = a-hji A A .. A ai and H is the set of all partitions of 

the set {1,2,3,.2m} into pairs of elements. Since every element a 

of n can be represented as 

® ~ {(A) Jl); (A) J2)) (*m) Jm)}) 

and since any permutation vr associated to a has the same signature as 

1 2 3 4.. 2m 

A jl A A •• jm 


71 = 
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the equality (|5j) makes sense. The following lemma will allow us to 
define the Euler form of a general linear connection. 

Lemma 1.1. Let A,B & A^(E, M)) be two orthogonally equiv¬ 

alent matrices , that is 

B = U^AU, 

for some orthogonal matrix U with positive determinant. Then 
Pf{A-A^) = Pf{B-B^) 

Proof. Since 

(6) B = U^AU, 
it follows that 

(7) B'^ = {U^AUf = U^A^U 
Substracting ([7]) from ([6]) we obtain 

B- B^ = U^{A - A'^)U, 

which shows that B — B^ and A — are skew-symmetric and orthog¬ 
onally equivalent. The conclusion of the lemma follows. □ 

Lemma fll.lD will allow us to construct the Euler form of a general 
linear connection. However in order to define the Euler form we will 
need a reference positive definite metric on the vector bundle. 

Let E —)■ M be a vector bundle endowed with a positive definite 
metric g. Let V be a connection on i7(not necesarily compatible to g). 
Let p E M and be an orthonormal frame at p. Let H be the 

matrix of the curvature forms of the connection V at p with respect to 
the frame ^n- The matrix 12 is not, in general, skew-symmetric! 

However we can define the Pfaffian for and by virtue of Lemma 

fll.ip we obtain a global form on M. 

Definition 1.2. The Euler form of a connection V on a bundle E 
endowed with a positive definite metric g is defined as 

(8) fJV) = (27r)-”P/ (TiPLj 

Next we will prove that the Euler form, dehned as in ([8]) is a closed 
form for any V quasi-compatible with the metric g. We need the fol¬ 
lowing linear algebra lemma. The proof of the lemma can be found in 
m see pages 296-297). 
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Lemma 1.3. Let Pf{A) be the Pfaffian of a skew matrix A = (ajj) 
and P'{A) = (^-) he the transpose of the matrix obtained by formally 
differentiating the Pfaffian with respect to the indetrminates aij. Then 
the following are true: 

(a) P'{A)A = AP'{A) 

(h) If the entries of A are differential forms, thendPf{A) = Tr{P'{A)dA). 

Before we prove that the Euler form of a connection, quasi-compatible 
with a metric is closed in any dimension, let us consider the case of a 
surface E endowed with a Riemannian metric g. Take V a connec¬ 
tion quasi-compatible to g, and let p G S. Take 61,62 a compatible 
local frame at p and let ooij and klij be the connection and curvature 
matrices respectively. We would like to show that 

(9) dPf{VL-kf){p) = t). 

The Bianchi identity states that 

(10) dkl^j cjz/c A fli/c A 

Since the Pfaffian of a two by two matrix is just the bottom left corner 
of the matrix we have 

(11) dPf{n - kf) = dfiai - dklu 

= U2k A flfcl — A UJkl — OJlk A Vtk2 + fllfc A Uk2 
Specializing flTT]) at p, where Uij is skew, and expanding we get 

(12) dPf(Q — [p) = {jj2\ A fill ~ fl22 A u}2i — OJ 12 A TI 22 + fill A U)i2 

= Ci; 2 i A fill ~ ^21 A fill + 1^21 A fl 22 ~ ^21 A fl 22 = 0. 

The eqnation ([9]) shows that the Euler form (as dehned in this pa¬ 
per by equation ([8])) is closed for any connection in PS that is qnasi- 
compatible with a metric g. 

Next we will prove that the Euler form is closed in the general case. 

Let f = (E, TT, M"") be a vector bnndle, g a positive dehnite metric and 
V a connection quasi-compatible with g on E. We begin by showing 
that fl — fl^ satisfies a Bianchi identity at p. That is 


(13) 


d{kl — TF){p) = o; a (fl — fl^) — (ff — fl^) A uj. 
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To see this, let us consider e* a local compatible frame for V at p. 

We have 

(14^ ^ik ^kj ^kj 

and 

(15) dVtji '*5 flfci ^ ^kii 
and substracting flTSl) from flTdl) we get 

(16) d(fl 11 ) A Hfcj flz/c A uJkj 

^jk A Hfcz T HjA A OJki 

which specialized at p where cu^- are skew we get 

(IT) ci(H H ) (T^) ^ik A (H/cj ^jk^ (Hz/c H/cz) A CUj'A; 

which in matrix notation is 

(18) (i(ll — f2^)(p) = a; A (H — H^) — (H — fl^) A a; 

Next, according to Lemma [1.31 part (b) we have 

(19) dPf{n - n'^){p) = Tr{p'{n - n'^)d{n - n^)) 
which, at p, combined with equation flTSl) gives 

(20) dPf{Q-Q'^){p) = Tr{P'{Q-Q^){uA{Q-Q'^)-{Q-Q'^)Au). 

Using Lemma [T73l part (a) we get 

( 21 ) dPf{n-n^){p) = 

Tr{P'{Q - Q^)uj A{Q- Q^) - {Q - A P\Q - Q^)uj) 

Setting 

A = P'(Q - n^)uj 

equation [21] becomes 

( 22 ) dPf(n - Q^)(p) = ^(Aj A(n- -(n- a Aj), 

which because of commutativity of wedge products with 2 forms gives 


(23) 

Summing up we get 


dPf{n-A^){p) = 0 . 
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Theorem 1.4. The Euler form of a connection V, quasi-compatible 
with a positively defined metric g is a closed form. It therefore defines 
a cohomology class of M. 


2. Proof of main result 


We wil now prove Theorem 10.11 
Proof. 

Let be a global Riemannian metric on M that has D as its Levi 
Civita connection. First we will prove that V (the affine connection 
on M) can be continuously deformed into the global metric connection 
D through g quasi-compatible connections. Using this homotopy we 
will prove that S, the Euler form of V, and S' the Euler form of D, 
represent the same cohomology class. 

We begin by constructing a one parameter family of ^f-quasi-compatible 
connections on TM denoted V* for t G [0,1]. Take p E M. Let Up be 
a contractible affine neighborhood of p. Since the restricted holonomy 
group of V with respect to p is trivial, then there exist a UNIQUE 
Riemannain metric h^ on Up such that 


VhP = 0 


and 


(24) 


ffip) = 9(p). 


Consider the metric on Up dehned by 
(25) U’P = (1 - t)hP + tg 


and let be its Levi Civita connection. Let X be a tangent vector 
field on Up and v G TpM. We dehne the covariant derivative of a vector 
field at p 


(26) 


(V‘), : TpM X X(U) -> T^M 


as 


(27) 



From its construction it is obvious that 


(28) 


(V‘/iV)(p) =0 


and that 


(29) 


V“ = V 
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and 

(30) = D. 

Moreover we have the identity 

(31) h*’P(p) = (1 - t)hP{p) + tg{p) = (1 - t)g{p) + tg{p) = g{p). 

Now let ns prove that the connection forms of V* with respect to any 
h*’^-orthonormal frame are skew-symmetric. Let (ei)j=i,..._„ a local or¬ 
thonormal frame with respect to on the open neighborhood Up. Let 
X be a vector held on Up. We have 

(32) ej)) = e,) + D^^e,). 

Since 

= 6ij, 

on Up, it follows that 

(33) 0 = e,) + h*’^(e,, D^^e,). 

Taking into acconnt equation IHTh and if we denote by Uij the connec¬ 
tion forms of the connection V* and since at p the metric coincides 
with g{see equation flMD ) it follows that 

(34) 0 ^ik^kj T ^jk^ki ^ij ^ji‘ 

This proves the quasicompatibility of V* with g. According to Theorem 
oi it follows that its Euler form is closed. 

Now let TT : M X [0,1] M be dehned as 

n{p,t) =p. 

First we need to prove that the deformation V* of V into D dehnes a 
quasi-metric connection on r = 7r*{TM). We set 

7r*(V*) = A. 

On T we also have the pullback metric from M which we denote g*. 
We dehne the connection D on r by dehning its action on a smooth 
section a of t 

(35) (Ba){x,t) = {Dta){x,t). 

From its dehnition it’s obvious that its connection forms with respect 
to the pullback of a local h*’^-orthonormal frame from M are just the 
pulback of the connection forms of V* from M. Hence D is quasi-metric 
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and its Euler form A is well defined . Also according to Theorem 11.41 
we have that 

dA = 0. 

We dehne a family of maps 

it : M M X [0,1] 


by 


it(x) = (x,t)- 

Since the Euler form behaves nicely with respect to pullbacks (see 
the proof of Lemma 18.2), we have 


m 


toA = S 

and 

ilA = S'. 

Because the two maps io and A are homotopic and A is closed, they 
induce the same map in cohomology and it follows that 

S-S' 


is exact on M, and the conclusion of the theorem follows. □ 
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